Abstract-We consider the problem of selective relaying in multi-hop networks. At each slot, a relay and a node along the optimal non-cooperative path are opportunistically selected to transmit to the next-hop node in a cooperative manner. Being a promising scheme for fair resource allocation, the proportional fair scheduling (PFS) algorithm provides excellent balance between throughput and fairness via multi-user diversity and game-theoretic equilibrium. To maximize the overall utility along a cooperative multi-hop path, we apply the proportional fair (PF) criterion in selecting nodes and relays for cooperative transmission. Furthermore, we analyze and provide an analytical expression for end-to-end throughput of an opportunistic relaying, cooperative multi-hop path with proportional fairness constraints over a Rayleigh flat-fading channel. To our knowledge, it is the first time that a closed-form expression is obtained for the throughput of a proportional fair relaying, cooperative multi-hop path. This research is an extension of previous theoretical work on PF for cellular networks.
I. INTRODUCTION
Being a new form of spatial diversity, cooperative diversity [1] - [3] can achieve full diversity in the number of cooperative nodes. Several relay protocols are proposed in [3] . According to their forwarding strategy, relays can be classified as amplifyand-forward, decode-and-forward and compress-and-forward. An amplify-and-forward relay acts as an analog repeater by retransmitting an amplified version of the received signal. Instead, a decode-and-forward relay attempts to decode, regenerates and retransmits an exact copy of the original signal. A compress-and-forward relay node quantizes the received signal from the source, encodes the samples into a new packet and retransmits it to the destination. Throughout, we assume the decode-and-forward relay strategy.
In a multi-hop network with C relays at each hop, the maximum diversity gain provided by the cooperation among relays is C-fold regardless of the number of hops [4] . To achieve the full spatial diversity order, selective relaying, i.e., only the best relay is selected for forwarding the signal at each This work was supported, in part, by Johns Hopkins University, Applied Physics Laboratory's internal research and development funds.
hop, is a good candidate which requires minimum cooperation among the relays and which can be performed in a distributed way [5] . In selective relaying, opportunistic policy is used to maximize the throughput, i.e., the relay with the highest combined signal-to-noise ratio (SNR) is selected at each hop. It is known that this greedy strategy results in highly unfair resource utilization and eventually, it will violate the quality of service (QoS) requirements of those overly-used relays when they have their own service to serve. Obviously, the performance degradation due to opportunistic relaying is even worse in multi-hop networks as the number of the overly-used relays is significantly increased. Hence, one has to be more careful when considering the trade-off between efficiency and fairness in selective relaying, multi-hop networks.
In the considerable efforts to deal with the trade-off between optimal system throughput and fairness, the proportional fair scheduling (PFS) algorithm is proposed [6] . By exploiting multi-user diversity and game-theoretic equilibrium, the PFS algorithm provides excellent balance between throughput and fairness (see [7] - [9] and the references therein). In light of this, this paper proposes an opportunistic relaying algorithm with proportional fairness constraints for the considered multi-hop network. Built upon previous work on PFS [8] , we then analyze the end-to-end throughput performance of a proportional fair relaying (PFR), multi-hop path. Specifically, we derive the closed-form expression for end-to-end throughput of a PFR multi-hop path. To the best of our knowledge, it is the first time that a closed-form expression is obtained for end-to-end throughput in such networks.
The paper is structured as follows. In Section II, we first describe the assumptions made in our study of the problem and the resulting problem formulations, we then propose the PFR algorithm that maximizes the overall utility of a multihop relay path. After that, analytical results which extend our prior work on proportional fairness (PF) are presented in Section III. Finally, in Section IV, we present simulation results to validate the theoretical findings, followed by the conclusion in Section V.
II. SYSTEM MODEL
We assume a relay setting where there are several relays and one source-destination pair for each hop along a multihop path. Both relays and nodes are equipped with only a single antenna. As shown in Fig. 1 For a multi-hop path in Fig. 1 , selective decode-and-forward relaying is assumed. i.e., at each hop i, only one relay relay r i,j ∈ Θ i is selected for forwarding the packet. We adopt socalled 3-node relaying as the cooperative transmission method at each hop. That is, once a relay r i,j is selected, node n i will first transmit to r i,j in the first half slot, n i and r i,j will then cooperatively transmit to the next-hop node n i+1 in the second half slot. We use n i → r i,j , (n i , r i,j ) → n i+1 to denote the non-cooperative link and the cooperative link, respectively. A non-cooperative link and the accompanying cooperative link together compose a 3-node relay link. Obviously, there are |Θ i | 3-node relay links at the i-th hop.
Unless otherwise specified, bandwidth is normalized to 1 Hz. Let
be the instantaneous capacities of the non-cooperative link n i → r i,j and the cooperative link (n i , r i,j ) → n i+1 , and R i,j [t+1] be the instantaneous capacity of the corresponding 3-node relay link, in next time slot t+1. R i,j [t]'s k-point moving average throughput up to time t is denoted by μ i,j;k [t] . In opportunistic relaying without fairness constraints, the objective is to maximize the overall throughput i,j μ i,j;k [t] of all 3-node relay links. Instead, in opportunistic relaying with proportional fairness constraints, the objective is to maximize the overall utility of all 3-node relay links. This is formulated as follows
s.t.
(2)and (3) indicate that at each time slot, only one relay and one accompanying node will be selected to cooperatively transmit to the next-hop node at next time slot.
The factor 1 2 in (5) accounts for the two-phase transmission, i.e., node n i first transmits to a relay r i,j , then n i and r i,j cooperatively transmit to the next-hop node n i+1 .
For the above optimization problem, we propose the following algorithm.
Proportional fair relaying (PFR) algorithm:
is selected to indicate that in the next time slot t + 1, node n i * will first transmit to relay r i * ,j * , then n i * and r i * ,j * will cooperatively transmit to the next-hop node n i * +1 . Update
of each 3-node relay link. 6) Goto 2) to proceed to next slot. By viewing each 3-node relay link in Fig. 1 as a user in a cellular network, the PFR algorithm above functions as a PFS algorithm used in cellular networks. It is well-known that PFS maximizes the overall utility i ln(μ i ) where μ i is the throughput of user i. Obviously, the PFR algorithm is the optimal solution of (1).
III. ANALYSIS OF PFR OVER A RAYLEIGH FLAT-FADING CHANNEL
In this section, we analyze the proposed PFR algorithm over Rayleigh flat-fading channels, and provide closed-form theoretical results. For the analysis, we use the following assumptions:
• Both the non-cooperative link and the cooperative link are Rayleigh flat faded; • The fading between any different links (no matter they are non-cooperative links or cooperative links) is independent but not necessarily identical distributed;
• Channel fading keeps constant over each slot, and varies independently from slot to slot; • The maximal ratio combiner (MRC) is used at each nexthop node to combine the signals from the last-hop node and the relay. To include the distance-dependent path loss, we note that the instantaneous SNR is the multiplication of the average value SNR (determined by path loss and shadowing) with the random fading variable. This results in a single random variable with mean that jointly models path loss and fading. Consequently, the instantaneous SNR can be modeled as an exponentially distributed random variable with mean SNR determined by the distance-dependent path loss. This model has likewise been used in [3] .
We use SNR 
to denote the mean SNRs of link n i → r i,j , link n i → n i+1 , and link r i,j → n i+1 , respectively. Here SR, SD, RD are used to indicate the transmission source relay, source destination and relay destination, respectively.
Due to Rayleigh fading, the instantaneous SNR of a noncooperative link is an exponentially distributed random variable with a probability density function (pdf) given by
In MRC, the combined SNR is the sum of the SNRs of each individual diversity branch. The pdf of the instantaneous SNR of a cooperative link is then given by
We can then write the capacities of the non-cooperative link and the cooperative link as follows
Substituting (8) and (9) into (5), we have
We know that the distribution of the minimum of multiple independently exponential random variables is also an exponential distributed random variable, i.e., for n independently exponential distributed random variables g 1 , g 2 , . . . , g n with parameters λ 1 , λ 2 , . . . , λ n , g = min{g 1 , g 2 , . . . , g n } is also exponentially distributed, with parameter
We then have the capacity of the 3-node relay link,
where SNR i,j is an exponentially distributed random variable with a pdf given by
(13) indicates that the mean value of SNR i,j is
[10] and [11] have shown that, in Rayleigh or Ricean flatfading networks, the shannon capacity R = log 2 [1+SNR] can be accurately approximated by Gaussian distribution. Specially, for a single-input-single-output (SISO) link over a Rayleigh flat-fading channel where SNR is exponential distributed, the Gaussian distribution is characterized by a mean and variance given as follows
(15)
With (12)- (16), we obtain the Gaussian distribution that characterizes the capacity of the 3-node relay link
According to our previous work on PFS [8] , we have the following lemma: 
Lemma 1 (PFS Throughput) For an N -user cellular network implementing the PFS algorithm, each user's average throughput is solely determined by its own channel statistics when the instantaneous capacity is Gaussian. In particular, the average throughput of user i is given by
E[μ i ] ≈ E[R i ] N × 1 − F (0,1) (−M i ) N + ∞ −M i yσ i f (0,1) (y) × F (0,1) (y) N −1 dy. (19)E[γ ζ ] = min 1≤i≤m ⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ |Θi| j=1 E[R i,j ] m j=1 |Θ k | × 1 − F (0,1) (−M i,j ) m k=1 |Θ k | + |Θi| j=1 σ i,j ∞ −Mi,j yf (0,1) (y)dy × F (0,1) (y) ( m k=1 |Θ k |−1) ⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ .(
Proof:
We can view the multi-hop path in Fig. 1 as a cellular network, and each 3-node relay link as an individual user in the cellular network. Obviously, there are N = m k=1 |Θ k | "users" in the "cellular" network. Since the instantaneous capacity of a "user" is characterized by a statistically independent Gaussian distribution given by (17) and (18), according to Lemma 1, we have the average throughput τ i of the i-th hop,
Given a path ζ in multi-hop network, it is well-known that end-to-end path throughput is determined by the minimum link throughput of the path [12] , i.e.,
We then have (20).
IV. NUMERICAL AND SIMULATION RESULTS
We first performed numerical experiments to evaluate the proposed PFR algorithm over a multi-hop path.
In numerical experiments, we use the following settings for the multi-hop path with relays: Each hop has the same number of relays, i.e., ∀i = 1 ∼ m,
For comparison purpose, we use two baseline models. In the first model, there is no relay at each hop and the hops (i.e., the links) along the multi-hop path are activated in an round-robin (RR) manner. In this baseline model, end-to-end throughput of an m-hop path can be readily expressed as
where the average throughput E [R i,i+1 ] of the i-th hop is determine by (15), i.e.,
In the second model, there is no relay at each hop and the hops (i.e., the links) along the multi-hop path are activated in a PF manner. In this baseline model, end-to-end throughput of an m-hop path can be readily expressed as
are determine by (15) and (16). Fig. 2 depicts the numerical results comparing end-to-end throughput of the proposed PFR multi-hop and the baseline models. As expected, the proposed PFR multi-hop outperforms the RR multi-hop and the PF multi-hop.
For reference, we plot in Fig. 3 the throughput gain of PFR multi-hop over RR multi-hop, i.e.,
Obviously, the throughput gain is typically 1.5 ∼ 2.5.
Next we conduct simulations to validate the theoretical results. Simulation parameters are: 8000 time slots, moving average factor k = 500. Refer to Rayleigh fading. The validity of our theoretical results is illustrated in Fig. 4 where the dot lines are for the average end-to-end throughput from analysis.
V. CONCLUSION
Selective relaying is a promising cooperative method to achieve the full spatial diversity order. There are two selective relaying methods: Pure opportunistic relaying without fairness constraints and opportunistic relaying with fairness constraints. Pure opportunistic relaying without fairness constraints introduces serious QoS issues for overly-used relays in multi-hop networks. To facilitate researches on efficient and fair multihop networks, we proposed and analyzed a cooperative multihop network in the presence of selective relays and with proportional fairness constraints. It is the first time that a closedform expression for end-to-end throughput of a proportional fair relaying, cooperative multi-hop path is presented.
